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Proposed Test of Quantum Nonlocality for Continuous Variables
Hyunchul Nha and H. J. Carmichael
Department of Physics, University of Auckland, Private Bag 92019, Auckland, New Zealand
(Dated: Dec. 28, 2003)
We propose a test of nonlocality for continuous variables using a two-mode squeezed state as the
source of nonlocal correlations and a measurement scheme based on conditional homodyne detection.
Both the CHSH- and the CH-inequality are constructed from the conditional homodyne data and
found to be violated for a squeezing parameter larger than r ≈ 0.48.
PACS numbers: 03.65.Ud, 42.50.Xa, 42.50.Dv
Nonlocality has been a topic of great interest ever
since Bell reevaluated the claim of Einstein, Podolsky,
and Rosen (EPR) that quantum mechanics is incom-
plete [1]. Considerable effort has been invested in exper-
imental demonstrations of nonlocality, which manifests
itself through the violation of a Bell inequality. Exper-
iments for discrete variable systems have used the po-
larization state of photon pairs in an atomic cascade [2]
or parametric down conversion [3], and the spin state
of trapped ions [4]. Experiments for continuous vari-
able (CV) systems have been rare; although they are of
particular interest as they match more closely the situ-
ation considered in the original work of EPR. Recently,
A. Kuzmich et al. [5] reported a signature of nonlocality
in an intensity correlation measurement of a pulsed mode
EPR state. These authors adopt the approach proposed
by Grangier et al. [6], whereby an auxiliary constraint is
imposed to construct the relevant Bell inequality. Specif-
ically, it is assumed in this case that a change in local
oscillator phase does not change the total detection prob-
ability in the transmitted and reflected channels.
The EPR state, or in quantum optics, the two-mode
squeezed state, plays a central role in the quantum in-
formation processing of CVs [7]. It is not possible, how-
ever, to demonstrate nonlocality for the EPR state di-
rectly by making a CV measurement, since the EPR state
(more generally any Gaussian state) possesses a positive-
definite Wigner function, which provides a hidden vari-
able model [8]. For this reason, proposals for demonstrat-
ing nonlocality with EPR-like states (squeezed states)
employ dichotomous observables derived from some dis-
crete physical characteristic, e.g. even and odd photon
number. In this way it is possible to formally map the
CV system onto a spin-1/2 [9]. Alternatively, Banaszek
and Wodkiewicz demonstrated that the Bell inequality
constructed from a joint parity measurement (photon
number even or odd) is violated for two-mode squeezed
states [10]. They provide an operational connection be-
tween their scheme and the Wigner phase-space distribu-
tion. These proposals suffer from two limitations, how-
ever: first, being based on discrete data sets, they do
not demonstrate nonlocality of a true continuous charac-
ter; they are also difficult to realize experimentally, due
to the inefficiency of photoelectric detection. Another
strategy is to retain the CV measurement in the form
of balanced homodyne detection—a highly efficient mea-
surement compared to photon counting—but consider
a non-Gaussian state [11]. Offsetting the fundamental
merit of this approach is the difficulty of preparing the
states shown to exhibit nonlocality to date [11, 12, 13].
In this Letter we show that the optical EPR state
(two-mode squeezed state), although possessing a pos-
itive Wigner function, provides for a genuine CV nonlo-
cality test under conditional homodyne detection, where
collection of the homodyne data is conditioned on the
prior local detection of one or more photons by each of
the parties sharing the EPR-correlated fields. The detec-
tion scheme is motivated by the work of Foster et al. [14].
Although the detection is conditional, the demonstrated
violation of locality may still be attributed to the EPR
state itself, since local detection of a photon cannot create
nonlocal correlations from a classically correlated state.
Ralph et al. [15] also proposed a scheme demonstrat-
ing Bell-type correlations using homodyne detection of
two-mode squeezed states and an auxiliary measurement;
but their scheme imposes a constraint on the consid-
ered hidden-variable models [16], in a similar manner to
Refs. [5, 6]. In contrast, the underlying principle of our
proposal is that conditioning on the detection of a photon
is a nonlinear operation that transforms a Gaussian state
into a non-Gaussian one; thus, the conditioning automat-
ically prepares a state that does not possess a positive-
definite Wigner function. The demonstrated nonlocal-
ity may be attributed to the newly prepared state. Our
scheme therefore constitutes a genuine CV nonlocality
test, and demonstrates a violation of the Bell inequality
in the strong sense, with no additional constraint on the
considered hidden-variable models [17]. We show that it
is insensitive to the quantum efficiency of the detectors
that generate the conditioning photocounts.
The proposed scheme is depicted in Fig. 1. Light in a
two-mode squeezed state ρ12 is spatially separated and
mixed with the vacuum field—states |0〉〈0|3,4—at beam
splitters of reflectance R = sin2 θ. Balanced homodyne
detection is performed at output ports 1 and 2, with lo-
cal oscillator phases φ1 and φ2, respectively, as shown in
the figure. Photodetectors PD3 and PD4 register photon
counts, at output ports 3 and 4, respectively. The pho-
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FIG. 1: Schematic diagram of the conditional homodyne de-
tection of an EPR-correlated state. Two beams of light in
the correlated state ρ12 are shared at beam splitters BS(θ)
between photodetectors PD3 and PD4, and homodyne detec-
tors HD1(φ1) and HD2(φ2). The homodyne data is accepted
when both photodetectors fire (each at least once).
todetectors merely detect the presence of photons, and
hence output modes 3 and 4 are projected to states of
either zero or any nonzero photon number, according to
the detection record. Data from the balanced homodyne
detectors, HD1(φ1) and HD2(φ2), are collected only when
both PD3 and PD4 fire. The conditional state presented
for homodyne measurement is therefore
ρc =
tr34{ρBSPˆ3Pˆ4}
tr{ρBSPˆ3Pˆ4}
, (1)
with Pˆi = Ii − |0〉〈0|i (i = 3, 4) and
ρBS = Bˆ
†
13Bˆ
†
24
(
ρ12 ⊗ |0〉〈0|34
)
Bˆ13Bˆ24, (2)
where Bˆ†ij = exp[(θ− pi/2)(aˆ
†
i aˆj − aˆiaˆ
†
j)] accounts for the
beam splitter action.
To construct a CHSH inequality we use a binning pro-
cess to convert the continuous homodyne date into binary
form. We adopt the scheme used by Bell [8] and Gilchrist
et al. [12], assigning a value +1 (−1) when a measure-
ment of the quadrature variable xˆφ ≡
1
2
(
aˆe−iφ + aˆ†eiφ
)
gives a nonnegative (negative) result. In the single mode
case, the probability for a nonnegative result is given by
P+(φ) =
∫ ∞
−∞
dxφ p(xφ)θ(xφ) = 〈θˆ (xˆφ)〉, (3)
with
θˆ (xˆφ) ≡
1
pi
∫ ∞
0
dy
∫ +∞
−∞
dke2ik(xˆφ−y); (4)
θˆ(xˆ) is the operator step function, with θ(x) = 1 or 0, for
x ≥ 0 or x < 0. The two-mode probability, P++ (φ1, φ2),
that measurements of xˆφ1 at output 1 and xˆφ2 at output
2 both yield nonnegative results is given by
P++ (φ1, φ2) = tr{ρθˆ1 (xˆφ1) θˆ2 (xˆφ2)}
=
1
pi2
∫
d2y
∫
d2kC (ξ1, ξ2) e
−2ik·y, (5)
with y ≡ (y1, y2), k ≡ (k1, k2), and ξi = ikie
iφi (i = 1, 2),
where
C (λ1, λ2) ≡ tr{ρcDˆ1(λ1)Dˆ2(λ2)} (6)
is the characteristic function of the two-mode state ρc,
with Dˆi(λi) ≡ exp(λiaˆ
†
i − λ
∗
i aˆi) the displacement opera-
tor; integration with respect to y and k in Eq. (5) covers
the positive quadrant and the entire plane, respectively.
Introducing the two-mode Wigner function W12 (α1, α2)
[the Fourier transform of C(λ1, λ2)] Eq. (5) yields
P++ (φ1, φ2)
=
∫
d2α1
∫
d2α2W12 (α1, α2)F (α1, φ1)F (α2, φ2) , (7)
where F (α, φ) ≡ θ
(
Re{αeiφ}
)
. It is clear from this equa-
tion that if the Wigner function is positive definite, the
amplitudes α1, α2 provide a hidden variable explanation
of any correlation revealed by P++ (φ1, φ2) .
We find it most practical to calculate P++ (φ1, φ2) from
Eq. (5), where we first calculate the characteristic func-
tion (6). Denoting the probability of joint photodetection
by p34 = tr{ρBSPˆ3Pˆ4} and using the normal-ordered form
|0〉〈0|i = : exp(−aˆ
†
i aˆi) :, after some algebra we find
C (λ1, λ2) = p
−1
34 Cvac (−λ1 cos θ)Cvac (−λ2 cos θ)
×tr
{
ρ′12Dˆ1(λ1 sin θ)Dˆ2(λ2 sin θ)
}
, (8)
where Cvac (λ) = e
−|λ|2/2 is the characteristic function of
the single-mode vacuum, and
ρ′12 = (I1 − S1θ)⊗ (I2 − S2θ) ρ12; (9)
superoperators S1θ and S2θ are defined by
Siθ ≡
∞∑
k=0
(− cos2 θ)k
k!
aˆki · aˆ
†k
i , (10)
while I1 and I2 are superoperator identities. The prob-
ability p34 is obtained by setting λ1 = λ2 = 0 in Eq. (8).
The mappingM defined by Eqs. (8) and (9) has some
notable features. First, it preserves local classicality, in
the sense that a state that is locally classical in view
of its Glauber P-function is mapped to another such
state. Second, and more importantly, it is a nonlin-
ear operation
(
M{Σipiρ
i
12} 6= ΣipiM{ρ
i
12}
)
that trans-
forms a Gaussian state to a non-Gaussian one. In par-
ticular, a two-mode squeezed state is mapped to a state
which does not possess a positive-definite Wigner func-
tion. We note, for example, that the Wigner function
of any single-mode field with zero vacuum component
necessarily takes negative values, since it must satisfy
〈0|ρ|0〉 = 2
∫
d2αW (α)e−2|α|
2
= 0. Thus, in spite of
the undesirable contamination by the vaccum states in
Eq. (8), a nonlocality test by a CV measurement becomes
possible.
3The two-mode squeezed state adopted for the input is
ρ12 =
1
pi2
∫
d2λ1
∫
d2λ2Csq (λ1, λ2) Dˆ
†
1(λ1)Dˆ
†
2(λ2), (11)
with characteristic function
Csq (λ1, λ2) = exp
[
− 12 cosh 2r(|λ1|
2 + |λ2|
2)
+ sinh 2rRe(λ1λ
∗
2)
]
, (12)
where e−2r is the degree of squeezing. A long but
straightforward calculation using Eqs. (5) and (8) then
gives the binning probability
P++ (φ1, φ2) =
1
4
+
1
2pip34
3∑
i=1
citan
−1
[
A√
b2i −A
2
]
,(13)
with A = sin2 θ sinh 2r cos(φ1 + φ2),
b1 = 1 + 2 sin
2 θ sinh2 r,
b2 =
√
d1d2,
b3 = b1 + η(2− η) cos
4 θ sinh2 r, (14)
and
c1 = 1
c2 = −2(1 + d1 − b1)
−1,
c3 = (1 + b3 − b1 + d1 − d2)
−1
d1 = b1 + η cos
2 θ sinh2 r,
d2 = d1 − 2η sin
2 θ cos2 θ sinh2 r. (15)
These expressions take into account the nonunit quantum
efficiency η of the photodetectors at outputs 3 and 4. The
joint photodetection probability is found to be
p34 =
B2tanh2r
[
1 + (1−B)tanh2r
]
[
1− (1 −B)tanh2r
][
1− (1 −B)2tanh2r
] , (16)
with B = η cos2 θ. The local probability that homodyne
detection gives a nonnegative result is Pi+(φi) = 1/2
(i = 1, 2), independent of the phase φi.
We note that P++ (φ1, φ2) depends only on the sum
of local oscillator phases φ1 + φ2, which we denote φ.
Because P−− (φ1, φ2) = P++ (φ1, φ2) in the present case,
the correlation
E (φ1, φ2) ≡ P++(φ1, φ2) + P−−(φ1, φ2)
−P+−(φ1, φ2)− P−+(φ1, φ2) (17)
that enters the CHSH inequality [18] can be evaluated
from P++ (φ1, φ2) alone, and hence is also a function of
φ only. We write
E(φ) ≡ E(φ1, φ2) = 4P++(φ1, φ2)− 1, (18)
and the CHSH inequality is written as
BCHSH ≡ |E(φ) − E(ϕ) + E(ϕ
′) + E(φ′)| ≤ 2. (19)
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FIG. 2: BCHSH as a function of the squeezing parameter r
and the reflectance R = sin2 θ, for quantum efficiency η = 1.
The CHSH inequality is violated for BCHSH > 2.
The inequality must be satisfied for any φ = φ1 + φ2,
φ′ = φ′1 + φ
′
2, ϕ = φ
′
1 + φ2, and ϕ
′ = φ1 + φ
′
2.
With the phases set to φ = φ′ = ϕ/3 = −ϕ′ ≡ Ψ, the
optimal violation occurs at Ψ = pi/4. To realize this set-
ting, we might take, for example, φ1 = 0, φ
′
1 = pi/2, and
φ2 = −φ
′
2 = pi/4. Adopting these values, in Fig. 2 the
quantity BCHSH is plotted as a function of the squeezing
parameter r and reflectance R = sin2 θ (for η = 1). Vi-
olation of the CHSH inequality occurs for any r larger
than r ≈ 0.48 so long as the reflectance is sufficiently
large. The need for a sufficiently large reflectance is to
be expected, since too low a reflectance contaminates
the outputs with the vacuum field from inputs 3 and
4 [Eq. (8)]. The maximal violation occurs for r ≈ 0.65,
with a decreasing violation at larger values of r. The
appearance of such a maximum is expected also, as the
mean photon number increases with the squeezing r, and
at large photon numbers the projections Pi = Ii− |0〉〈0|i
(i = 3, 4) bring little change to the input Gaussian state.
The expected behavior is reflected in the fact that the
joint photocount probability [Eq. (16)] approaches unity
for r →∞—i.e., the conditioning is no longer selective.
We note that whenever the CHSH inequality is vio-
lated, the strong CH inequality is violated also, as was
found in [13]. According to the latter,
BCH ≡
P++ (φ)− P++ (ϕ) + P++ (ϕ
′) + P++ (φ
′)
P1+(φ′1) + P2+(φ2)
(20)
is bounded by unity for any local realistic model [19]. In
our case, P1+(φ
′
1) = P2+(φ2) = 1/2, and hence 4BCH =
(BCHSH + 2), from Eqs. (18)–(20). Thus, BCHSH > 2 is
equivalent to BCH > 1.
As discussed in [12], homodyne detection with a strong
LO is highly efficient compared to direct photon count-
ing. But unlike the proposal there, our proposal relies on
photodetectors PD3 and PD4 in addition to the homo-
dyne detectors HD1 and HD2 (Fig. 1). It is important,
therefore, to investigate the dependence of our results
on the quantum efficiency of these detectors. To obtain
expressions (13)–(16), a nonunit quantum efficiency was
introduced by mixing outputs 3 and 4 with additional
vacuum states, placing beam splitters of transmittance η
in front of PD3 and PD4. From a direct calculation, the
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FIG. 3: (a) BCHSH as a function of the squeezing parameter r
and the reflectance R = sin2 θ, for quantum efficiency η = 0.3.
(b) BCHSH as a function of η, for r = 0.6 and R ≈ 0.9891.
term cos2 θ in Eq. (10) is replaced by η cos2 θ, with no
further change required in Eq. (8). Figure 3(a) presents
a contour plot of BCHSH as a function of r and R = sin
2 θ
for a quantum efficiency η = 0.3. Comparing Fig. 2, we
see that the violation of the CHSH inequality is not es-
pecially sensitive to η. In particular, when R is close to
unity, as in Fig. 3(b), BCHSH hardly changes with η at
all; here the CHSH inequality is violated for any quan-
tum efficiency. Of course, a high efficiency is desirable
to maximize the rate of data acquisition, which is deter-
mined by the joint photocount probability p34.
Realization of the proposed scheme appears to be feasi-
ble with currently available methods. The EPR paradox
for CVs has been demonstrated with squeezed light [20],
and EPR-correlated light has been used for the quantum
teleportation of coherent states [21]. These particular
experiments involve multimode fields, however, and it
will be necessary to generalize the present treatment for
application to that case. More relevant to this work is
the experiment of Kuzmich et al. [5], where the optical
analog of the EPR state is produced in a pulsed optical
parametric amplifier. In such a case the projections as-
sociated with photodetectors PD3 and PD4 refer to the
total photon number in a single spatio-temporal mode.
Finally, we should comment on the subtle question of
whether the proposed conditional test demonstrates non-
locality for the initial state ρ12. The most important
observation in this regard is that the sampling of the ho-
modyne data is based on the local detection of photons
coming from inputs 1 and 2. How observers of PD3 and
PD4 determine whether to keep or discard the data in-
volves, at most, a classical communication. Thus, the act
of conditional data acquisition cannot create nonlocality
from a classically correlated state; this is clearly reflected
in the tensor product form of Eq. (9). In this sense, one
may argue that the demonstrated nonlocality is implic-
itly an attribute of the initial state ρ12. In particular, the
situation differs from the so-called “detection loophole”
[4], which asserts that “unfair” data sampling can lead
to the violation of a Bell inequality even for a classically
correlated state. In our case the data sampling is “fair”
and under the experimenter’s control.
Of course, this is not to claim that the proposed test
demonstrates nonlocality for ρ12 directly. Strictly, a new
state having a CV nonlocal correlation is created by the
conditioning [Eq. (8)] and homodyne detection is used to
reveal nonlocality for the newly created state.
In conclusion, we have shown that nonlocality for CVs
can be demonstrated by conditional homodyne detection,
where the optical analog of the orginal EPR state (two-
mode squeezed state) provides the source of nonlocal cor-
relations. Violation of the CHSH inequality occurs for
squeezing parameters greater than r ≈ 0.48, and the pro-
posed scheme is insensitive to the quantum efficiency of
the conditioning photodetectors. In addition, our work
has broader relevance to the field of quantum informa-
tion. It shows that even a positive Wigner-function state
can be employed as a source of continuous-variable non-
locality if suitable local nonlinear operations are added.
It provides a concrete example of the “photon-presence
test” performing such an operation [22].
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